Data from current gene-disease association studies motivate changes to existing haplotype inference methodologies. Many datasets are now comprised of both pedigree and population data so it is desirable to incorporate both sources of information when inferring haplotypes. The availability of high-density SNP data also makes it possible to determine and use the precise locations of recombination events. Our proposed method reconstructs haplotype structure on a genome-wide level by jointly using the information from the Mendelian law of inheritance and local population structure. The method combines in one framework new techniques of recombination event detection, maximum likelihood optimization of population haplotype diversity and our previous algorithm of zero-recombinant haplotype reconstruction. Experiments on both real and simulated datasets prove the efficiency and accuracy of our approach in reconstructing the haplotype structure. Our method makes it possible to reveal the haplotypic variation on a genome-wide level.
Introduction
Haplotypes are mostly obtained by computational methods from genotype data instead of directly by molecular methods due to the high cost of the current technology. Haplotypes if corrected inferred provide exact information on the linkage of SNPs, which is of substantial importance in detecting gene-disease association.
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Typically haplotype inference from pedigree and population data is performed separately. Methods on pedigree data 12,18 make use of the Mendelian law of inheritance and some parsimony criteria on the number of recombination events. Due to the enrichment of constraints in pedigrees, such methods are usually fast. Methods on population data such as fastPHASE 16 and Beagle 5 make use of the clustering property of haplotypes in the population over short regions. Due to the enumerative nature of these methods, they are usually slow. With respect to haplotyping accuracy, previous analyses 13 have demonstrated that using family constraints alone achieves better accuracy than using population information alone. On the other hand, population information works better than family constraints in imputing missing genotypes. Therefore, it is most desirable to jointly use the family and population information. Beagle recently added the function to process data sets of many trios and parent-offspring pairs. 6 The authors reported that Beagle achieved extreme accurate results on data sets of trios compared to data sets of unrelated individuals due to the use of the rules of Mendelian inheritance.
Linkage analysis 7, 9 can actually yield the maximum likelihood haplotype configuration in terms of both family constraints and population haplotype frequency by enumerating every possible inheritance pattern and every possible allele assignment. However the time complexity of this approach is exponential to either the number of markers or the pedigree size, thus it is infeasible for any reasonably large dataset. To avoid exhaustive enumeration, it is critical to represent the set of all compatible family configurations in a compact form. Li and Li 14 found that by assuming no recombination it is possible to represent the set of family configurations as a linear span of variables that can be found by solving a linear system of binary variables representing inheritance and phase. However, to apply this method to whole-genome data, we must first identify recombination positions in each family such that we can segment the chromosomes into recombinant-free regions.
Furthermore, to find an optimal solution using population haplotype frequency, we need a computationally feasible way to search the solution space since the number of possible haplotypes is potentially exponential to the number of markers. In this paper, we present a framework combining the efforts of recombination detection, zero-recombinant haplotype inference, and local haplotype structure clustering to jointly use the family and population information. Our method makes it possible to accurately reveal the haplotype structure in human populations on a genome-wide level. The algorithm is implemented in C++ and is freely available upon request.
Methods
The overall flow of the method MML (Mendalian Constrained Maximum Likelihood) is staged in three steps as illustrated in Algorithm 2.1. (2)) for the optimal solution with maximum likelihood based on population haplotype frequency.
In step 1, we infer recombination positions in each nuclear family of the pedigree by analyzing identical by descent (IBD) status of alleles between each sibling pair. Based on the inferred recombination positions, we partition chromosomes into segments such that every segment is recombinant-free. In step 2, we derive all possible configurations of a pedigree under Mendelian and zero-recombinant constraints for each recombinantfree segment obtained in step 1. This is done by using our previous algorithm DSS.
14 DSS can output a compact description of all compatible solutions as a linear space. In step 3, we use haplotype frequencies in the population to identify the optimal haplotype configuration of each pedigree. We will describe step 1, step 2 and step 3 in Sec. 2.1, Sec. 2.2 and Sec. 2.3 respectively.
Detect Recombination Events in Families with Dense Markers
Recombination events are implied if a common inheritance vector for a segment of loci that satisfies Mendelian constraints cannot be found. Typically, there is uncertainty as to how many recombination events occur and at which loci or in which individuals these events occur. Usually, such parsimony criteria as minimum number of recombinants 12 are used to find a possible assignment. However, with the availability of densely marked data, we can almost always fix the inheritance vector within each zero-recombinant region due to the enrichment of Mendelian constraints. Consequently, we can also develop special techniques to localize the recombination positions with minimal ambiguity.
For each nuclear family, we look at the IBD status of the alleles and its sibling pairs to detect a recombination position. The change of IBD status from one locus to another indicates a change in the inheritance pattern, that is, a recombinant. Loci of a father (similarly for a mother) can be divided into three categories depending on their informativeness in determining the paternal IBD status of a sibling pair.
(1) informative: he is heterozygous, and the phases of both children are determined at this locus. (2) semi-informative: he is heterozygous, and at least one of the children is not phased at this locus. (3) non-informative: he is homozygous at this locus.
In situation (1) , since the father is heterozygous, the IBD status and the IBS (identical by state) status of the paternal alleles of a sibling pair are equivalent. In situation (2), the IBD status of the paternal alleles is not determined, but it is dependent on the IBD status of the maternal alleles. If we can somehow resolve the IBD status of the maternal alleles at this locus, we can also infer the IBD status of the paternal alleles. Note that in this situation, the mother must be heterozygous, otherwise all children would be phased. In situation (3) , this locus provides no information about the paternal IBD status of any of the sibling pairs. Fig. 1 . A segment of a chromosome from a nuclear family with 2 children. Colored nodes are informative alleles which have determined IBD status between these two siblings, with squares and circles representing paternal and maternal alleles respectively. Remaining alleles are non-informative. At each locus, alleles colored the same are identical by descent(IBD). A frame around a pair of alleles indicates that they are semi-informative, and this pair of alleles infers IBD between two siblings if in the context of the informative loci nearby. From the IBD status between siblings, we can infer a paternal recombination event between the 9th and 12th locus, but with the ambiguity whether it happens in Child1 or Child2. We suppose the recombinant is in Child2 for illustration purposes.
Informative loci give a narrow-spaced probing on the IBD status of the whole chromosome. We can detect recombination events by observing the change of IBD status of alleles among these informative loci. By doing so, however, we may miss possible double recombination events that do not manifest a change in the IBD status between two nearby informative loci. If we assume markers are dense, however, the possibility of a double recombination event within a short distance is negligible. Fig. 1 shows an example on how to detect recombination positions in a nuclear family. By using informative markers, we could infer a paternal recombination event between the 9th and 14th locus.
Semi-informative loci can help further localize the recombination position because it is almost impossible for a paternal and a maternal recombination event to occur coincidentally within a short region. If a semiinformative locus falls between two informative loci indicating different paternal IBD status, we can assume no recombination on the maternal side and let its maternal IBD status follow that of its surrounding informative loci. By assuming the maternal IBD status, we can now infer the paternal IBD status for this semi-informative locus. For example, in Fig. 1 , at the 12th loci, by assuming that Child1 and Child2 are not IBD for their maternal alleles, we infer that the sibling pair are also not IBD for their paternal alleles, so that we could refine the recombination position to be between the 9th and 12th locus.
Since ambiguous intervals of recombination events now only contain non-informative markers which are compatible with any inheritance pattern, we may pick any position within such intervals to partition a chromosome into recombinant-free segments. Notice that for non-informative loci, the phases of all family members are actually fixed, and thus the choice of a recombination position will not influence the final haplotype configuration.
To determine the individual in which the recombination event actually occurs, we can look at the IBD status of all sibling pairs. If we observe that the IBD status changes between a specific child i and any of the other children, while there is no change among these children themselves, then child i carries the recombinant. However, if the nuclear family has only two children, then the ambiguity is unresolvable in this way. Notice that the assignment of recombination to a different child will result in a different haplotype configuration in the parent. Therefore in this situation, we can use population haplotype frequency to suggest a most probable assignment.
Establish the Solution Space under Mendelian Constraints
We can use two types of binary variables: p variables and h variables, to encode the Mendelian constraints in a pedigree. A p variable indicates the phase of two alleles of an individual. p a = 0 means that the smallernumbered allele ("1") of individual "a" is of paternal source, p a = 1 means it is of maternal source. An h variable indicates the inheritance relationship between a parent-child pair, h ab = 0 means that the paternal allele of individual "a" is transmitted to individual "b", h ab = 1 means that the maternal allele is transmitted. Fig. 2 gives an example of the relationship between the p variables and the h variable of a parent-child pair under Mendelian constraints. As established in previous work, 14, 18 Mendelian law can be expressed as linear equations of h variables and p variables. If we assume no recombination within a certain number of loci, the h variable between a parent-child pair, which indicates the inheritance patterns, should be the same for each of these loci. In this case, we can put constraints on h variables from different loci together to form a single linear system. Li and Li 14 discover an almost linear time algorithm, DSS, to obtain a general solution to such a system. Here, a general solution means a description of all solutions as a linear span of variables.
The establishment of a general solution is important because it facilitates the search in the solution space for particular solutions to satisfy specific properties. The freedom in the solution space can be partitioned into two parts: the freedom of the inheritance vector (all h variables) and the freedom of the allele assignment (all p variables) under a fixed inheritance vector. Experiments 14 have shown that the inheritance vector is usually fixed for a segment of 100 or more loci. Once the inheritance is determined, the relationship between alleles of different individuals is determined with only 1 degree of freedom (if all members of the pedigree are heterozygous) or no degrees of freedom (if one or more members are homozygous). Fig. 3(a) shows an example for the first situation. In the case of a missing genotype, there might be an increase in degrees of freedom (Fig.  3(b) ). By applying the Mendelian and zero-recombinant constraints, we can greatly reduce the search space for finding the maximum likelihood solution using population local structure, which will be discussed in Sec. 
Maximum Likelihood Solution Based on Population Haplotype Frequency
The inheritance vector (h variables between each parent-child pair) specifies how founder haplotypes are transmitted to every descendant of a pedigree and the configuration of a pedigree is fully determined by the inheritance vector and the founder haplotypes. If the inheritance vector is fixed, the likelihood of a configuration of a pedigree is simply the product of founder haplotype probabilities. In Sec. 2.2, we describe how Mendelian and zero-recombinant constraints provide a small candidate set of all possible haplotype configurations for each pedigree. Next, we need to pick a solution of maximum likelihood from this candidate set based on haplotype frequencies. Since the actual haplotype frequencies in the population are unknown, we use an EM (Expectation Maximization) procedure to find the optimal solution. The procedure is described in Algorithm 2.2. The initial pool of haplotype frequencies is generated by randomly sampling from founder haplotypes within the solution space of each pedigree. In step (2), we search the solution space for an optimal configuration with the highest likelihood. In step (3), we update the haplotype frequency pool only with the optimal solution of each pedigree. It is different from conventional EM methods, where all possible solutions are updated into the pool weighted by their current likelihood. By adopting such an approximation, we can significantly hasten the optimization process by not traversing the entire solution space.
Algorithm 2.2 Haplotype Frequency EM
(1) Build the initial pool of haplotype frequencies by randomly sampling from the solution space of each pedigree. repeat (2) Find the optimal solution with maximum likelihood based on the current pool. (3) Update the pool with the haplotype frequencies of optimal solutions obtained in (2). until convergence is achieved
Probabilistic prefix tree for fast branch-and-bound optimization
We create a data structure called "probabilistic prefix tree" to facilitate the search of the optimal configuration in the solution space. A probabilistic prefix tree is essentially a binary search tree which encodes the frequencies of each haplotype and their prefixes. It provides quick indexing for haplotype frequencies and can be updated dynamically using conventional binary search tree techniques. Each leaf node in the tree represents a haplotype and each internal node represents a prefix. The frequencies of internal nodes can be generated by simply summing up the frequencies of all leaf nodes of its subtree. Fig. 4 shows an example of a probabilistic prefix tree.
As discussed in Sec. 2.2, for a fixed inheritance vector, the relationship between alleles of different family members is fixed at each locus. On a pedigree of n founders and m markers, we do a depth first search from locus 1 to locus m of a haplotype, where for each locus we pick an assignment for all 2n founder alleles if there is one or more degrees of freedom. Meanwhile, we calculate the likelihood of the pedigree up to the current locus which is the product of frequencies of the founder haplotype prefixes ending at locus i: j=1..2n f req(h j i ). Since the frequency of any haplotype prefix is greater than that of the entire haplotype, if the likelihood drops below the bound, we backtrack for there is no possibility of a better solution. Otherwise, we move to the next locus until we reach m. If we achieve a higher likelihood, we replace the bound with the new likelihood and record the current best configuration.
11122 (1) 12222 (2) 21122 (1) 21211 (1) 21212 (1) 21222 (3) 22222 (1) On the right is the probabilistic prefix tree after adding all these haplotype to an empty tree. Some nodes are annotated with the normalized frequencies of the corresponding haplotypes or haplotype prefixes.
Experimental Results

Detect Recombination Events and Haplotype Diversity
We use MML to analyze haplotype polymorphisms in a real human population. There are 32250 markers spanning a region of 170 million base pairs on chromosome 6, with an average marker interval distance of 5kb. Missing genotype rate is 0.12% and typing error rate (as reflected by Mendelian inconsistency) is 0.11%. There are 3 isolated individuals and a total of 193 nuclear families, among which 112 have 2 children and 81 have 1 child.
From 112 families with 2 children, we infer 322 paternal and 535 maternal recombination events. Fig. 6 shows the resolution of the inferred recombination positions. 82% of the recombination events can be localized within an interval less than 100kb, and 53% within an interval less than 30kb. Fig. 5(c) shows the averaged degree of freedom at each locus of a family after applying the Mendelian and zero-recombinant constraints. Based on the actual heterozygosity rate of the current dataset, there is expected to be 1.3347 degrees of freedom on a family of 2 children or 0.9982 degrees of freedom on a family of 1 child at each locus. By exploiting these constraints first, we have eliminated more than 95% of the phasing freedom of a family. A big family size will result in fewer degrees of freedom due to the increased number of constraints.
As shown in Fig. 5(a) , the haplotype diversity varies for different locations of the chromosome. In the initial sampling (Fig. 5(b) ), 23.41%(8.41%) of the most common haplotypes covers 90%(80%) of the total frequency. This indicates that most of the common haplotypes are recovered and sampled multiple times. 
Evaluation of Accuracy and Scalability
We used the Cystic Fibrosis Transmembrane-Conductance Regulator (CFTR) Gene Data Set 8 for small scale testing and Simulated Rheumatoid Arthritis (RA) Data from Genetic Analysis Workshop (GAW) 15 for genome-wide testing of MML. We also compare the performance of our program with the conventional linkage analysis approach. Here, we use the statistical tool package Merlin.
2 Merlin can be used to perform haplotype inference on datasets of family and population mixed type. It first evaluates the inheritance vector in each family by exhaustive enumeration. Then it uses an EM approach to obtain the maximum likelihood configuration based on the population haplotype frequency. In order to deal with large numbers of markers, Merlin groups the markers by some pre-determined length and generates one single inheritance vector for each segment by assuming no recombination. However, if there does exist recombination in a segment, the program will fail. In Sec. 3.2.1, we compare MML and Merlin on small lengths of markers with different pedigree sizes to examine the efficiency by explicitly using Mendelian constraints rather than pure enumeration. On a genome-wide level (Sec. 3.2.2), our program can still successfully reveal the actual haplotype structure when Merlin is not applicable due to unresolved recombination.
Influence of pedigree size, missing rate on performance
We simulate pedigrees with no recombination to evaluate the performance of MML on zero-recombinant segments with different data settings. Pedigrees are generated with different sizes (4, 17, 29, 52 ) and missing rates (0.00, 0.05, 0.10, 0.15, 0.20) by using SimPed . 10 We pick from the CFTR data a subset of 29 distinct haplotypes of 19 markers spanning a region of 1.8Mb on chromosome 7q31. SimPed will assign founder haplotypes by sampling from the given set and transmit them onto other family members assuming no recombination. Each population has 500 families of a given parameter setting, and we average our results over 10 replicates of a population. The accuracy and running time comparison between MML and Merlin are shown in Fig. 7 .
By explicitly exploiting the Mendelian constraints instead of enumerating all possible inheritance vectors, MML can achieve much greater time efficiency than Merlin on large pedigrees or on high missing rates ( Fig.  7(b) ). Both methods achieve better accuracy with large pedigrees (Fig. 7(a) ) due to increased family constraints and population information. By adopting an approximate EM algorithm instead of traversing the whole search space, MML is of negligible accuracy difference to Merlin. This demonstrates the approximation approach to be a reasonable trade-off for efficiency. This is further confirmed on a large pedigree size of 52 (table in Fig. 7) , where the performance of Merlin crashes with a high error rate (up to 30%) and exponentially longer running time due to too much freedom in resolving the inheritance vector. On the other hand, MML exhibits very robust consistency in both accuracy and efficiency. 
Genome-wide haplotype inference accuracy
We tested MML and Merlin on chromosome 6 of the RA data which has 17820 SNPs with an average intermarker spacing of 9586bp. The RA data consisted of 100 replicates, each with 1500 nuclear families (two parents and two offsprings). We used 500 out of the 1500 families and averaged our results over 10 replicates. We artificially set up to 20% genotype to missing to estimate the robustness of the methods against missing data. As shown in Fig. 8(b) , MML can successfully reconstruct the haplotypes of each individual with an alleleby-allele error rate of 0.025% (for a missing rate of 0%) to an error rate of 0.19% (for a missing rate of 20%). Since Merlin assumes no recombination within each pre-defined segment, it fails on 25% of the 500 families ( Fig. 8(a) ). On the remaining families, it happens that all recombination events have ambiguous intervals riding across segment boundaries instead of contained completely in a single segment such that Merlin can still find a single inheritance vector for each segment. However, the overall accuracy of MML on all families is even better than the accuracy of Merlin on these retained families (Fig. 8(b) ).
Conclusions
In order to reveal the human haplotypic variation on a genome-wide level, we need to overcome the computational difficulties complicated by huge numbers of markers, large pedigree and population size, and substantial numbers of missing genotypes. We applied our previous algorithm to find and compactly represent the subset of pedigree inheritance configurations that are consistent with the Mendelian law. We develop new techniques to resolve recombination positions in densely marked sequences, and a quick search strategy for detecting haplotype combinations of maximum likelihood in a population. All these techniques make it possible to handle large degrees of freedom in the pedigree inheritance patterns, the uncertainty of recombination positions, and the variety of possible haplotypes of a population. The combined exploitation of Mendelian constraints and local population structure makes the most of the current data designs to restore the underlying haplotype polymorphism. Experimental results on both real and simulated populations show that our method can successfully reconstruct the haplotypes with high accuracy and it is scalable in terms of both the pedigree (population) size and the missing genotype rate.
